(S35 &35 0L ) 19,152 (w08 (0L

GAR) A § A Q) g\alAd aandaa e
a)ya2in i WG
»aan ggajigan e
VLA pAgadn g Jaadl)ana aya@in i @algh Gadng e
\a A RIS AR g ayakin i mlgh J1)suad o
Jaandljana cxdalen p g\ anadn e

FoeYaldy

3 g 38 owhago (i ORI (g gw g0



L plis)) jpoee
= S bl s slel 5 (x, v, 2)
"
:\ praked v a e ayly sy Ko A
' Pla,b,c)
slel jlee ol aw S b Lad
aw oy (X, 1,2) J9w i
Elazsia la O A7 b V.
- -2 = - = |l .
e L i S5 b i 2l ]
a e
sl 5liza
sk joone
x
Lad o aladl g3 ¢ alold
] o s o gl 18 3 A g B (g dlai g0 alols
AB = T . Y T
=y(xg —x4) +(yg—ya) +(zp—2z4a)
< lae jl Ala,boc) sl by cal ol yold s
e | sl ) ey Sleal
e

[
et

R T
0 OA=+a +b +c

sl sy |y B(VE) g A(LYY) g dai g3 (g dlold 2 p pod

AL Y ol eliazice Tae 31 Ll ¢ alolh a8 aS las L, RY (iai 3, Ll ¢ dcaene s oo sed
2V piy o ) el S s | (Chae 1) Suad ) S A5 gadne oy W

o ot
A ):2 OA=v

i
p +z2 =vox" +y +2" =2

0 ¥ glad g Clatie e 550 408




R" lad o oy

r
1=

LS"‘J‘“_“L_JLSLQ;‘I}A LsdJﬂEJdi‘_gL\:glJJh;%h&n;l:)h

- —

LR

- —
o 1y S ohaisl 3ot ps .0 By A Llis AB 5y 5 5

X —
amd e ialed O Sl L) o g aiel e i 1S

_>
AB=(xg —XA.¥B —YA-IB —ZA)

— — —
aas e ol N AB I Gojges a4y o g il o AB 50 Jsbo b ojlsil |, AB o5 b Jblze AB L o)l Job

%
Il AB ll= J(xg —x4) +(yg—ya) +(zgp—za)"

L

%
xS e |y ) g 03l g AB 5 Slazse B(—1T.Y) g A(LTF) 511 o ped

Moy 3338 s

plai p A dae Gy jl & cud (b p Al Sjpo opl 3 .a8h dds 33 S A 9 b S i =(a,b,c) S

A= A(a,b,c)=(Aa.Ab,Ac)

tas Al adh ar g

A =0 w3t A=- 81:
Au A
i ..u;...nc..@ﬁnu,lu Jln,b,,..\.:.l,/l>-;|:\‘
Az Sosen il cqa o U g Al b jop sl A< S1:¥
Au=u a2LA=\ 3:¥
i Al =—ii wsbA=—\ S1:08
2 NAGIE NG N cpgo o 325
R
a3 e ioles —ﬁlgl)‘-)‘,;;.bg.ﬁ)bxdq)ﬂ)(—\)ﬁ&qﬁpﬂé)lsﬂp-\auﬁ.«r&}pb:\
u=Av dd),hg/l )é.o):égi,ia).w.\.slgasb:,?,ols‘,n‘.q)‘l,.\_; ,l_i Frv o PR A |




237293 Zor
g g0 i a5 e a3 93 ol pen ol g caill Sl g3 Vo gl S

ii =(a,.b,.c,)

Vv =(dy,by.cy)

i+v=(a,+a,,b +b,, c +cy)

—

S

oy 93 G2k

P9 (oo i pai ) o by 93l BapS Jols jlap il i g3 Vg il S
i =(a.b,c)
v =(ay.by,cy)

U—v=u+(v)=(a —ay,b b ,c,—cy)

L2 o

) — il = 5) Vil — ¥7 =
o) i+ 7= ) i +7 1=
2) il —V = o) lii — ¥ ll=

Slaise asnly sl ylo

N - - T .
Jpe Cule S Pawip a8 K =(00) 5 J=00) s 1 =(0) 20ls e Jop R sim dw gld o
el jlp b ool o a8y sla Jbp ) Gyl )5 o plasy) g b b pe da gl
wiiali o Siliaise dalg

:n;u:lg.'r P S .'a:-l_, ,;_slb )h,‘j e LJ.E . I) )h,‘j EL]

u=(a.b,c)
=(a.e)+ (b)) + (-0.0)
=a-- )+ b0 )+ o0

=ai +bj +ck

E 2




393 B o
Poagd asi S ol o gl e gl 0 Se g8 g il o pd b0 g Vg ST B gl i iy i

S pm iy g S g el QLS ULV L oy g (6l el ) (B gl Spge

v HialNvi Cosd
g i

P
03 ol il s eols Al an 5 Yo Gl Vg i Jbﬂ!;;ﬁdﬂ,l‘;,Ilﬁlhﬁ,llﬁlhﬁ Bliom pod
s ygl Canidy | Sl
e
oSl il (eamd glas o op e V=(ar.bracy) g il = (ay.5y.6y) 51380 o Ll Gy pud

2 oo iy pj s & Ll B oyl

sss

e Cannngllan olSS] V= (—00F) 5 i = (7)) STi gped
ll) @0 =
o) (i + V).(i — V) =

TS

] | il 305 B Aot la w93 5 G ols tdsedd

e

.J‘JI"JH-: I‘:. V )]J).IPQLE:'.'M [TRTERY. 3 i =(‘I-,—T’,T}’ .'.'_.:nl.“_g_}]r 'l_-:, T )13).;,} ;.:mﬁ

H ‘-P-
R dre R — — ~
wllv = v=ru —v=ri—YY)=({r.—%vr,yr)
— AT~ &
WV =va—=20ONr)+{(—)—r)+i(viyvri=va—=r+fr+¥fr=i—2r=—=—
Lt Y
— A
sv=(r,—yryr)=(—,——.,—
Ay Ay
P
F :LFL-iLJ.uiﬂ-‘H’A.n:l..:).Ill.n.slL?T&]J?ﬁbwﬁsﬂlgﬂﬂ-bﬂﬂJﬁ!}:%;

s s BV =+, 5 Lo o 8ol 3ges Voo 0 Jlopw Vs H jhe pi 3 a3 8 £l

oS

=)

]
l_
=
=
=
I




T 1\
\)uu=llull

=vuai

:l
“l

¥)u

Yu(v+w)=uv+uw

¥) (@ii).(f7) = af (ii.F)

H s g Sy

:Ca),.pa'))xulgk_‘a;b)&&,)ﬂ,a,)bxu ﬁ',i; ,l_i ;‘

=89
M 93 om § A9l omw

190 ol sl Wl o s 4055 0 g yho i o g U5V S

Cosf=——— -<O0<rxm
(F78 R{Rva]

a3 oo WSS o by g0 ol o cul (el gl (0 SesS U g Vel oy 9 o s gl g

V) i =il

=V.

:l
"l

¥)u

=/

Yu(v+w)=uv+

¥) (aii).(BV) = af (i.v)

W

S 0y s Sy

:O)P&'qulghéb)u,)ﬂ,a,)bx&d )-i"i; ,ﬁ;'

&5
My 90 G (5 wgly s

190 ol 38l gl o (s ) € 3 e ot o g By VS

Cos9=# L@<rx
[z v

i oo S 0a bl 0 oul oS ol (sl gl 0 Se s U g Vil oy 93 G s gyt a2y




b [y T = (0,7 ) g = (00,0 ) Sl 93 oo o5 sl Scps o
3=

G5 = (")) + (=) + () =¥

Il i ll= J(r}' +( T+ = v =45

I ll= J(u)" + )T+ =N +r+e =45

I_tr,'l._f: \n ke 3 T
Cos0= = =—=—— L=
BT T TR IV AP .
£ 2 2 3
R‘ - —
ol £ )M‘-CM: A VERTY N ) =000 ) Jlp g3 o s 2gli 3 Ot o9
i
CosZ = (O)(k) + ()(T) + (D) .
r \/(‘}T +()T+ (7 J{k}'r +(T + ()T
«J'? k+

- — ¥k +rv.=¥k+\) Ak —v=. k=Y

¥ =-\Fw.|'k7 +a

Sy gd ) oy
Loas ) ¥ s il (oo o p) (2 s i3l Jlsy g2 V= (ay,by.cy) g li =(ay,by,0)) o o5 25

#Mqﬁﬁjgﬂmqmﬁwnbﬁufx;f 3las

Eard Eaps
(' b, ] (v by
¢ . a
‘e O Tw_ ¥
S oo 18 Ol P Sl sl adlie o YL gl sl adlie
b, «¢fley a|la, b
Axv=( ‘M ! b )= (bc, —bycy,ape, —acp,ab, —ah,)
by cy|ley  ax|lay by

S

.J_J’Mbpibﬁjdhjlbﬂ\;b)’malji. 1_»:=(—‘|,—T,'F} :.E=[T,_ﬁ|,r);5‘.:wﬁ

Al XV = =) VX = )X =




e}d‘\é‘)ddl.@_“\j) (dadia ‘.LS

|
z dl,Lh&dah_.Mlyw:h:}dolu'

J"))‘f L.a ,u));\:gf-oR(x',y_,Z’) wﬂ |

75 s Sl 5550 U = (@, b, €)
>y bl s 5l 6,500 olgds alais P(x, ¥, 2)

aa> dae 1 g asjlea v ,ﬁk;ln)bﬂ
g Yyt gt o PP =t

(x—x,y=y,z—-2z)=t{a,b,c)

Ry )3 gafilus b albsles
Jas g el L alsla D:x=pt+x, . y=qt+y, ., E=n+z,
(las gala la ) ol Jast glan s L=(pogr) s das 3l adait < (X, ¥,.2,) Of g2 &8

—x - 7—z
R A L = spgr#e bt

P q r

X
las (S5 68 Wlales - D

el o das o lEzs aloles U S e alolas | ] Woles

M b5 9,38 o (N1, —F) alais jlas _las )l aze atolen P Jlote

sl 1) g 4 el (s5l5e T = (V,0,Y)

X=X _¥Y-¥. __2-Z v XY _ y=r_ s
a b c r a Y
rydas b g 0,385 A(Y,0,—Y) abails Gl dgs |y e 3 jlaze alolas VSl

[ XY _rydr vz

[ ¥ Y
kol 3t {gtymtia o L) L s sola S g Ol plas Al gilge Jas 99 Lyn 3J.

s 950 |5 00 alilgs gladas G jlite b (g tal )l aoles <\ o
sl Sl B = YT+ — K 1o,k 53,38 a (Vo)1) i ) 45 lass ()
el (3190 WBZ jea b g 0,35 o (8,F,7) alais jl a5 das (Y
o $3lee B = G+ YE 15,50 55,380 (¥, =1, F) abaii 51 a8 las (F

3,38 0 B(=Y,+,¥)  A(Y,Y,)) ahaii g 5l a5 _las (¥




P9 4> 30 g slailgiw! slazdaw Y- ¥

3D e S eaad Sl Y 9 X >y alail; e a5 loo S sanlia Sl
o i Dygee ar laalal) ol Gl cam adl e dmie

(=b .x=a.y=ax+b) e, s

(x=ay"+by+c, y=ax"+ bx +¢) o4

Y A3

\ 1 Y 3 “*% y : =
(G 5=V (FHim=1) ar G +y =a)eub

o9 ,(y=Lnx)@,,bp:¢,lﬂ&b.(y=ex)u-._.,.b,_¢w¢¢l3
4"—'—9)“—‘-5‘““"') OILoAS.))"‘_’aJ._D_J.; ng.:.z,y,x et 1 «hab)bu)éb‘
22 Bl e Sy das | mvie 0o ookl (gams g0 (slad 0 aS jsboclen sl e
g ad Lal |3 25y )0 amio Lol axmio mdas 0 Seole ju (sdas aw (slad

w2b e @Xx + by + €z = d 50 4 5l IS Aoles a5 0005 sanli

o i oy g P amio || caglas daii A(X.,.,2.) 0S5 4o dlolas
Sl dgat ami o 4 7L = (@, b, )
3 %0 ols s akiss B(x, ¥, 2) 41
w27l 5 AB fs, 55 bl anis

U"‘)’L"‘ ﬁ'.A—B.= - Zp-g)b,-\-b,“‘

Wyl Gl
(a;b.C)'(x-x,,y—y,,z—z_) - TS

a(x=x)+b(y—-y)+clz—-2)=- (@

,t_;,..,_,-us_.hs,,,,wu.c.ﬂluwuwawd.mw..g:vd

Pxx+y—z=

dolan Joo L 503, Ll elysds |y paiie 33 dnios aslae 48 ol iS5

Pgder et dnio l (slalais aleg oy i ye] Cesons 1) pge
(x=.y=:)2—2=062z2==3 24,(-,-,—8) EP

~
=
I

LZ=:)> y=2 —)AY(.'Q’.)GP

X
[

NZ=Y)> f+y—Y=03y=\ 2 A(r,\,Y)EP




-.)b),)._'a,.u: ,A 4.1:3;5' 1).354:;5.‘4!

‘)A(Yv\-:') ’ Y,\,O)

YVAQO, Y, —¥)

v) A(y,¥, )
gtz ly ¢ .lo,,.;ﬁ,l.,,,,ﬂ;/l«hssd,um;,u,:p

iy \ -\
n = (\ g ’T)

A(’: b G ’)

\/V)Yx+y+oz=Y V) YX+Yy=1 W)z =29

Nextyy—vz=% , (=000 ) (000




At s g 0090 Zg YV, X yoain 4w o Joll a5 glaloles 1090 4z )0 slazdaw
P30 a0 mdaw 1) ol a5 0,5 ce iy Lad o 1y odaw 080 Yax o 5l e it
Wl 2 Ssge 4 laphaw Gl (S JSS

Ax" + By  +Cz" + Dxy + Exz+ Fyz+ Gx + Hy +1z+ K = +
sl e lys0 5 JLaS] Jlesla Wl L ¥ az o slagha o plad 45 295 o
edl oo 51y e 5 S 4 has BB Sl

xT yT z\' 28 4
\)'—,"l"?'l'-c:;— \ 395 g
xf y\‘ z‘ " 2
Vateag—==) Az S 555 Jsla
x¥ " 2 :
N e =) az,ligs 555 sl
x\' y\' - z ;
f);'*'";';—'c' Soan 095 cot
x' P :
O)’a—,— s e Selslia 595 cogm
N N B : :
?);-i-'b—‘,—g L e St




' Jla

o=l i 0g= jemai (LSl Cjgo 18 5 WS hagi 1) 5 pg0 420 slapdan oY
DS iy b S5O

Nfx"+y +2 =y VDx 4y +zh=

1 y" . .
rfor flz=x"+y

D)x'+z"=y' #£)ax' + fy' = sz

4
o= dlaay (4) F0 0 o san (V)
Splady (11010) Faaf KN

GRS | sy e sl glaanio b ol aais g & f o S5 (Y

&by o Jula ' 4
) oﬂ‘é ‘ xy LE T 65',.0) LSLDW L U' éhb ch.a JU;W &-j (Y(f
Sy (o o
ol 018 (X2 ko g 50 sloanio b ] e a4 by e S, (Y10
S8 o o

il i XY W&)‘ydl‘Wl’J&‘ﬁMéﬂ“‘Sb”’“& (Y/F
(gt by

(St o o)

O f o)

(i by )

(53 by)




8 padin Nz 2ulgd

opiie M &l Sy )y a8l R ads slicl 5 dcgeme ol 34 4 R"jluﬁsudluwﬁjdiddﬁl:ﬁ&ﬂ:}n

iali o

f:R" —-R

y= fln, Xy Xy)
) 0 pize 3 il Sy cabla b fIRT 5 R b Jle
Flx ) =%x, — ¥y + 6,0

sl 8 it dos i Sy ;s Al b f iR 3 R ab:¥Jbs

f O X, xp) = \/L.T +x g
el opiie oz 85 s s s b o f tRT R ¥l
f(x,v,z.1) = Sinx + Cosy +e* + ¥t
S
gl es d (1) g i 31, O, Y) = FXT — 8y ab sk 3030 pod
qx

frm)=¥r)" —a(f)=vs—v.=15



0o > Jilgi 59y Jlos!

. n -
gei i |y o5 Jlesl e o R 51 X = (0, Xy 0eees Xy ) 2 (8 oSSl cazibopiio B b g2 8 5 f 51

(f +8)(X)=f(X)+g(X) a5 g3 pon 1\
(f —8)X)=f(X)—-g(X) 2l 93 3oy s ¥
(K UX)=kf (X) a5 53 335 iyt ¥
(fxg)X)=f(X)xg(X) &l g3 oyt ¥
B g3 o D
D=L o 55 oo
s
\) Dy =Dy

NDfsg=Df_g=Dfxg =Dy D,

) Df =Dy Dy ~(XIg(X)=")
g
Gy blesb g1 RT SR, f:R' SR alas 1oy pod

fry)=y—x"—y" ; g(x,y)=oxy—v

&J&El)ﬁ)dlﬁdjuig f_fgﬁ f‘l‘g Eb}".blb.'h::blb
g

: b
|

(f+8)xy)=fxy)+g(xy)=(F—x"—y)+@xy—¥)=sxy—x" -y
31

(f=rge)xy)=f(x,y)—vg(x,y)=(r—x" —y")—r(dxy—¥)

=v—x —y —wxy+a=w—x' —y —axy



0y s JU jlages

2B Y pl s dsgemme b ipe b LB Y (g dsgete Sygo 4 ol o |y f Ao opize B pl e
23 o S5 1, b (15) ogas e slo

223 o Guled G(F) by f gei g ol 33 ool opitn 39 86 o IR = R a8 (38 Jite ol

S o iy g Sjgeo g

G(f)={(x,y,2)€ R 1z= f(x,y))
298 (oo 0deli (o) drg) S 0jeiie 93 @b jlgel: g

5l el csle AL V)=F —YX =YY i saala b FiRY 5 R &b lges: ) s
G(f)={(x,y.2)e R" lz= f(x.»)}
={(x,yv.2)e R  lz=5s—vx—ry}l={(x.v.2)Ee R Iyx+Yv+ z==5)}

--'A.n.:'il-! = 1= (Y,V,‘I) JL&).; )lb).! L_r Lg1 A f c._rls )1-"#?4-‘! |__.'"11 J,.]L'.._r

-t

Glewl ale F(, ) =X + V" i cdalsl FIRY =R &b ogei: ¥ ko
— ¥ _ _ ¥ _ T Y
G(f)={(xy.2)e R lz=f(x, »}={(x.y,2)e R lz=x" +y}
Al o s Bgme aSuetes m dS Z= X A Y o 6 alilee o ol gl asg, [ al Slaged ) sl

-
£




Nl So aals Lai olS ja w0 yuiin G aily wiiles 16 yuiiin i aulgd diald
blii 5l glacgone o paawg ol ol azels 5l jakaze il sad ools f il o pekia
Al ik dae S f(X) Ky X)) &5 ol (X Ky eon i)

s i doss L 93 Jolid 005 o0 i 0 a7 glys el o Juad ) o 2,8
L 1) Jis sloyeite Vaano 15 Koy Jits it 53 & f ol 28y il g
Ll s Z = (X)) prmagiion 5 pebdo Ghalei Z L1y aily uiiie g Y X
e 3 Z 9 Y X L) Jites sboyeiio )l (S Jiiis pits dw 4 f ali of
W= f(X,1,2) prmmgion 303l Gialai W L |, asly

ol oAl fyaaad 115 13 0y0ate iz w0l A anals 1Y L
NDf(,y) =x"+y" —¢

Or ={) | 2"+ =¥ =} ={(xy)|x"+y* 2%}
32 525 b bl glad y (1) 35pe 4 opls K X7 H YT = ¥ las

J..:al.p‘sa c)._a_b ‘_J._a_| 9 3 Q,).:.g Jou'b M,W f c.:b' FEA K as o,..:aua ‘,QM. )
(C.u.:‘ azala oe)‘{b L’._l.l u’):.al._a_ u,)osé;mu’,;@QMﬁ ol,:'d.)‘_hi.&. .’,l,";j' l‘)

0903 = 2

D, ={(x,y)|y+\'2 V== -}={(x.y)|y2—Ys—\<X< ‘}
BY) k3 2) = \/'f+\/37+an

D ={(x.y.2)|x2 Y= gz > }

Sboe b ol aals XYZ 3,155 clasin elSzns gl © 55 il bl acyams

y y Z
;N [ azals

b

th Al

(G acals

|
=

(SIS
L




8 puiile M Aolgd s

dad 8P g Suap L dds sae a fX,Y) Jlais 08 o 2S005 5 S5 (a@,D) g dbis 4 (X, V) s dais

g oo 1V g Cel 3,8 &y pameie gmg ygee 5 L Ads das aS b oLt ol e

lim f(x,y) =L
(x,y)—(a.b)

LS (oo iyl D jgee (yaed 3 ojeiie M1 (S jebo g 0 piie A g >
] S 33 G 0 geie T 2aled 5l idged oo i D padie 93 puled gl LSS ol j0 &5 las pled D angd
LA

sG] sl Lol (a,b) (cahis o f opie 9o alb 2 511 &80

lim f(a,y) =L , lim f(x,b) =L
(a.v)—(a.b) (x.b)y—(a.b)

Sglaze (gla jws 5o (x,v) & iy a5 284 f Ebbaﬁ.ﬂ Jim f(x,y) =L Slas a8 o olo dlae ol
(x,y)—(a,b)

ool L b plp a5 Lo (a,b) sdaiiaw x=a L y=b

Crde 3,5 oalarul ali SG A dgag pae LSl gl ‘_-JT e il le e 1 LBl e ey Gl dlne | uSie dngS
‘-.:@J:»L;I_,I:.dlai.;;ﬁl 3l aS el e iy cdol S Ay Caglize s g3 ,5T iglite pewe 93 Slsnl L as S

e dle

) vx'—yy' )
S8 () s B s (0 ) = s s L5 2 03
x +y

w00 2l 2 med o0 S35 (0r) Ak 4 Yy=- 5 X =0 Jd ) it ola s i k>

Al T Y
lim f(x,))= lim Yx =¥ im Yoy
(x)—(-) (=6 x"+()7 x—o &
Y T A
im fC.y)= lim O =YY =YY

('e}")_}{nv] [xu}'}—)f','} {.}T +_}.~T }-‘_), }_.T

P TS (+,+) & dadi ) a5yl e him f{x,-] # lim f{-,_‘,’] O8>
(-Te')_}(."|‘) ('e}l}_}('f}



XV v
S5 as (o) g dais o f(x, y) = ¥ &b 2 L e pod
X +y

g oo S35 (5y0) bl d YVTX e (g9 il s s

, Y
limf(x,y)= lim —2 —=lim——0=2

[x‘}l)_}{'e'} [x‘}l}_}('e'} _IT + }"T X — XT + _'.{,'T Y

w250 o S5 () B & Y E X s 55, b

. A |
limf(x,y)= lim Y fim—F =2

(x,y)—=(-) (x)=C)x" +y" x> x4 x7 Y

ot 3350 1M (2, y) ol il
(x,y)—>(a.b)

i die
M 4 polio opl &S Sige 10 9 15 S03p (o00) (s ol dy V=X jois (g9) el o Slao s 01 &S

(2,5 amlgd poss ds e M yuis b 1) ) o3)lh s abassly 4l So

i

A
X

'JJ‘IJ":‘ d (',‘}.._5 alai; ij(-xr}’] :ﬁ EL'; a2 UL:"‘ :‘:J'-‘-Jas
X +y

WSl pealgs s LE ] X LG Y sle & et (0 S35 (1) el YEMX e g5 1)

A ¥ Y
X A

limf(x,y)= lm —  =lim——> = lim -
(X, ¥)>(-0) (x)=2CDx" +y" x=2 x4 (mx)" = x"0+m") Vv+m

i



8 gt di aulad 40 SlEe

S e

potcie (nl jl ey (go Sl o pite o Al 3p5e g3 1) epine S pls Bi2e pagde 4 Sud3 egpde 5w (ol )2
e (oo ol o it i g g cS LS ol

ol e cils paalss gt S b ol el 4S5 ol | Ll 1 S o apite pla o f g apie 1ol o 5
Al o f il (o 3120) (S 32e o ) 0 peite Sy a6

b Jol o aipe Sim ele Gole | cle s Spgee a3 Y g X peine g 5l Ll f S 58 Sy pad
el po (Sjor Bile jluasl

of (x.¥) _

e o pm >
Voiie 4 cans [ S 3ike —aﬂx'ﬂ=limf':*"’-""“L"'}—f(r.}‘}
dy h—s- h
: gl
af af (x, v i
-mu-u:».losseﬁLlfx(x,}f}héLsmuh%ﬁa,mw,,aq@f i Gnte s
X df (x,v) X
"‘"“"‘-u._r'L.r:"-'.l“Jr‘fx Luf_}-(-rs}'}':'. é_idhiulef'{é%ﬁq}ﬁh V ogeiie ds Cond [ S BilacY

d
S ol S ale X peiie 4 Cos [l g 028 LA b ] Y peize f(X,Y) E'JJJ%J%"L"“LSH:‘.

_-mxf Lo | B 0 e

: ) f
S ol S e ¥ peite & G f g s A b ]y X e fix,y) :':‘L?;Jé—vdﬂ.—ﬂ'-*udhﬁ

S oo (Bile o puile

igd o iy pad Al jelo 4 i spiie 1T als S cla gilecd




1 T T LI

P
df (x,v
X pile dy S [ JSi Gile —f;; }=.*.x + AXy
df (x 1}
V geice dg Consd [ S Gike fEh: —ay’ #rx’y'
L3 1]

gl s o 1y (X, 7. 2) = X COST = ZSINY  wb Jol (¢ asipe i eln Gie t ey

>
X guile ds Casi [ J3e Fila %=TIC&S:
af (x,y,2) _
Vogeite ds S f i aite I (xy.2) ™ =zCosy
a y - . .
T pile 4y [t gta '“; Y.2 —erm,?_-Sm}'
e

e

) Y T

& (OWY) e des o), flx,v,2)=x +L”|[x}'}+£'r}s?: o ol & Adye S clb Giia? e ped
.J;'J5-1C._J.b

P

X, ¥.Z §
%ILH?J {'H’+ ) :i|{.|.|” (V) +——=

()
aflix,hz}l PEN Y
gy TR DTG

X, V.2
-




Tx

S dsloa |y f (R0 5 (TN pslies FX V)= ——— 08 (258 o ped
-
afu,}-}l _T(x-}'}-'&ﬁ'x}l =Ty T —1(v) | _=Y_=
TN LA I AT LA -
T T N e U
oxy), _Ax-y-Cwro, v vy o _FY
3y () {x-}-}r (ry) (_{_}_‘}T (v (T—‘-]t (r,\) ¥ v
Ed
df df d
£+3_{+%=(1+y+zf paS s i FO0 D)= XYY 2 27X a5 ot g
P
aﬂE:*Z}—U}W .7
aﬂ;’j*ﬁ =x" +ryz
ajt-(-;’.}l*‘_}ziv-l-fxz

(/A ISP UR SN SN S
afafa;‘”‘““ JH(x +ryz)+(y +vxz)

=x 4y + 2 Hvy vz draz=(x+ v+ 2)

oy ggl ey |y g et S5 Slina 2 i)

¥
) flayi=x"y+e" Y) flxy.z)=x"y" +Sin(yz")

el (XN =Y) e o 1) F(X ¥, 2) =207 = L (XY2) sl gje izt




PG gl 4 e J e sle B
2y sl ) Vb sla 45 g cla B g7 e epiie S il sl VL s 4T ila TRDe popde il
A Vg Xsle el ol j fy s Sy sl sl ¥y X pite g2 ) b f 5108 e apie 1t
S s s e i le e |y e mie 08 i) fy s S oald G sle it O e ey

gladile [ oabpss g ddpe Ji ole e il s f

_d'f_9 of
S _ax_‘f B Elx{Elx

T
f,n':a J [af}

dix dy ax
f _d of
Jox = dxdy El!a'{éhmj
fr=L -2
» dy" dy dy
T
LI xbLu_;JL!,'J.l L'}‘ﬂl-ff_n JJ},{LQ'LEWW?W}JJWI;}MIFJ?

g

: dongd
A3l g dadi pl o w480 Bu s aes wly (a.b) o dass 5 f.\-_-._- :._,Ir_xj.'- o s a0

£l .JJ:,] oy i |y 5L Glie Jie clinie ¢ Al asl Kg; fpos 4 Ll o i Sliiie ¢ dlme Lg, T
g 4y nte cpl ol i B Bt Ny S e g Vo4 S LS X o b Ll 5 e
ms e faled w

,.
dof _9.9 9%y,

Lo = axhdx’ Ox dy Ox ox




caaggl cand a1y F0¥)= v +xe” ad ppa s adpe S sl 3ote 10w ped
:

sl asipm i s 3te

Jf_r=%=}-—e‘+e‘
£y =:—";‘._=||-.’I+1u.v1t
£ rsn s aipe 2 32te
Jn=i:f =%c%1=_w‘
fu _%_% )y
b3

L
.h_,g.l.._.....:ml_, Flx, v, z) = Sin{ xy) + Cosz A ped g Adpe S gle 55l 1w ped
P

£y s adm i gls 322e

o
=—= yCows{ xy)
Iz o ¥ 3
fyv= i = xCos(xv)
’ }
Jf: =_f=—_5'inz
Fpsa os asm i 322a
_9F_ 8 A v
Jl_r_x = a_‘_‘r _axf_ax}— R T T ]
- aTF _a aF _
I'r"'_a}ﬁx_a}{a 1= Cos{xy) — xvSin( xy)
. _B"f_ d gF
S =5 T azta T
8" F _ a8 ar, )
f.r_u - 3_1,:'7 _5(5}__1'1’3!"(“}
. aty o aF
j.‘__l_ oy Ei_r':a )= Cos(xy) — xwSin(xv)
. a¥ o aF
I =5y 3z 0y
. a¥ a df .,
Sz = P =a_Z(;}=—EO1-7
fo_AF _ 2 AF
= Oxdz  dx Oz
T
fo=2r _2 9,




B s
dh oy f ) g ape Jin ol 32t 8100l ¥ oX jeie g ) Ll f puf e skt gl
A e iy gt g a3h Gl df L f el

= %dx + %d}'

sl ¥ g X 5l gite Lwdlis cdpandy g dy o paf

df

SEE
Ty ¥ Xt oz il ol [ 51 Jle ol 08 o o i a4 mpaiie i @l JF il Tt gl
sl g g by ml ] 15 el e Sapges cpl g3l F g

T T
df—axrix+ard;,+azd.;+ardr

L

aalely FEVZ) =X 45 427 ab U5 Jeilinn t o0 g0

b
i- E- ; i- -
dx ™ dy " dz =

df = Elﬁ- 4+ idy + a—fdz =vxdy + v vy + vzdz
dx dy dz




s dX=Vy ¥=¥ g Xx=V a5 By |, &l JF Jeuiliio Sy =x+ Ly(x" +y") o i eyes

-Jg-:f-t.....:bu d}‘z_\

fe
A _, =
x 4yt
¥ vy
dv 1"+ _'|;'r
af af TxX f}.-
=—4, = v = v
df b 3 y=0(1+ _1_-T+_1;T}dx+{x'r " _-.-T} h
¥(v) ¥(v) R
d'f|[:7,'|'},d_[=‘|_d_r=—l| =i:"|+ f-.l.l'q.:":‘l} + {*+cl}':—'l.} = ;
e

F f.[‘l.-‘=-.l"\’5sz.hg_1'=_'.'=_1,r_‘|j|_,__.|th'(x+_.l,}=xT+}r7_rx.\lﬂbﬁtjyjﬂmﬁ

e

=Ix=Ty

o
ox
i=f_1' —-Tx
df =id.t+id_'}’=(\'x— ¥ vide + (vy — vx)dy

dx a_'-'
iﬂ("‘*"‘f'~*ﬁ=-f'ud.r=-a'r =(=Y+ ¥+ (=¥ + A=+ f e =]y

L

S dloma(¥,=VY) g daii 31y f(x, ¥, 2)=x"y+ }__f:ﬁb U5 s e 505

S ke (V1Y) g dbsE sy flx, v 2)=e o 6 il en 5t a3

i

I
b
]
&y
A
-
#l

XVE
:

]

K

-]

™
-
ks

r

FlE FE S
Il

v= Sedes id} o a_fdz =(yze" Jdx + (xze™ " )y + (xye" Yz
a_l' Eh' az

ﬂﬂ(-. A = gedx + edy + edz = e(dx + dy + dz)




o piie Lz polei Sl (g o) (g 002
Ay S glb ite olfU] L3l Vg X it g3 5l ol Vg U S103l Vgl pite g3 ) a f S e 58
As e dy Vg X gl puite b s f gl

o du o dv

dx  du dx dv dx

of _of du  of ov

sl il Cajgen sty puiie 9l P ple gl o g 0B

L

L& . . -
e Cmpgllas L V=g [, u=f1¢|_,:-:.$' f{u,t':i:uv_n.,;f*__,.&‘,s:m,u

¥

id
o O du, ¥ w_ -
St o= ()(E) + ()(re™)
={£TI}{EI}+{E.T}{TET.t:I:ETI +ffTI=TETI
ane
df .
ﬂx O Csgllas . V=8INx g u=1¢ u]pa.!.’ _f{ufv}=u1r'_:._.'5'r_,&_,.u‘_-xﬁ
td
%=%%+§%% (vMe™ )+ (u)( Cosx)
= (Sinx)e™ ) + (e* WCosx) = ¢ (Sinx 4+ Cosx)
FrTy
% S SO EPR L .1:1r5 u=J;r_-,'I):a.§ Sl v)=Sin(uv) a8 o871 cp gad
Bf du af dv

|
— ={vCos(n Y ——
3'.1' BT R PRy

=(x"Cos(x"/x }}{LJ_} + (NxCos(x" VT x) = = 2" JxCos(xJ7) + (rxlxCos(x"VT)
Tl X ¥

J4+ (Cos(uv)ivx)

L

af

st Congllan V=Cosy g u=8iny o o 48 flu,v)=e" a5 581 03

dy
e
% - ?Ef E;ﬂ N gf_m % = (ve"" )(Cosy) + (ue"™ N(=Siny) = ¢"" (vCosy — uSiny)

= SCOY ((Cosy ) Cosy) — (Siny ) Siny)) = &> C (Cos™ v — Sin"v)




S8 la

SLalS

Sl Ao 0 o led a5

JGe
A4S auslowe (533515 Olatise 53 1) @ ool HLLS 30,80 5 s fx,y, 2) = 22 + 3y —sin(z) g 4 I, f 26

Al Uwly aw j3 20 ol GIie Glie Gupw g aldigs 2555 Olaiss ) obals aasly LU 1wl &l ol oLbaLS auwlees lp

Rl )3 pj e @ @B ol Pl calgd > 39

Vf =2i+ 6yj — cos(z)k

| JGo
S duolxs (3,2) ahiis 5o 1) Pl @ ool oLLS kb ol 53 dgdie wanyss f(2,y) = 27y abl) jl oslaiwl b f JISw! 2L

D9l 50 duwlzxo y3j 030 @ 02D 631> akds j3 X (gliwl)y )3 Pz Gide .Cwl Pz Oldide Jold jln SO (@B ol LIS
of
Bg (TY) =22y

af B
52 (3,2)=12

25 b R By, L @lhe j5 Y gliwl) )3 2 Gie slp olgie b elive 359,
of
Oy

af B
a_y(3’2) —9

(z,y) = =2

23)S Ol p2j KB @ (Siz G 634D duwlzo dlis SaS @ 1) 6adb 0315 akaidl jd & ¢l LIS Gl Colgs 5

V£(3,2) = 12i + 9§ = (12, 9).

Y JGo
S dwwloe (1,3,-2) ahaiis )3 ) @5 ol oLLS 3gdbe 631 Giulas (T, Y, 2) = zye® = ° o0 4 f 2l

a plple .3)5 ol Z gy X gliwly dw ;> L:'—"P sl Gidie duwlows ‘s.g)b Gl e 8 JUo b woldie Wyguo a4 lgli oo |y a_gL'i o2l UI,;J'I)S
PS50 Jac pj Oyg0

af of of

E!aim =((y+2xly}(_.1’};’ S!x‘-}:-:: 55

szz‘_::"‘ #2? )

Vi) = (

@8 dmui 3 L@udse HLE YU akly )5 |y ahil cpl ccaol ad wiwles (1,3,—2) ahi ;3 LB 350 @B L3S a5 (oleT )

"“-ﬁl.:‘o 2202 lJS'“’ e (1: 37_2) alaiis )2 f &b UL!S')S LJ'?LQJ

V£(1,3,—2) = (3+2(1)%3%, 1%, 2(1)(3)(—2)e") = (9,1, —12)




(ORI 8 25 l8) e (B

> Gl Loy =i

Definition The directional derivative of f at (xo, yo) in the direction of a
unit vector u = (a, b) is

f(xo + ha, yo + hb) — f(xo, Yo)
h

[)uf(»\'(l. '\'()) = }liln =
=0

if this limit exists.

SRl S 4 g (Fidia sl

-

Theorem If f is a differentiable function of x and y, then f has a directional
derivative in the direction of any unit vector u = {(a, b) and

D, f(x,y) = fi(x, y)a + fy(x, y) b

Velf(xz,uy) =Vf- -+

af

dax [ 1 —|
or | | v |
Oy
_af af
= 1'1%(:‘53 y} -+ va ay (I:? y}

If f(x, y, z) = x sin yz, (a) find the gradient of fand (b) find
the directional derivative of fat (1, 3, 0) in the direction of
v=i+2j—k.

Solution:
(a) The gradient of fis

VI(x, y, 2) ={fdx, ¥, 2), fAx, y, 2), fAx, y, 2))

= (sin yz, xz cos yz, xy cos yz)




(b) At (1, 3, 0) we have Vf(1, 3, 0) = (0, 0, 3).

The unit vector in the directionofv=i+2j-k s

| 2 |
u=—=i+——j— —=k
\fﬁ \/(TI \."'I'(T

Therefore Equation 14 gives
D,f(1,3,0)=Vf(1,3,0)-u
i A I
p (—? "7 —f“)

:3(‘%) ) ‘w@




alfais el J1,551
g ailier sla JI, 50l ape e 10 00)L8 sin S5 4 s 0 (0 presd 0pite 2 a4 ) 155 pagie e 0l 2

o o e |y oS e LSSl Ll e 8w gla 1500 s

2o5o gla J1 55
oSy 5 3 1y sl o i 93 6 S fX, V) O oS 5 ke

[[f (x. y)dydx
by S:BFJ =S Y) & puls (sl ) FXLY) siile 0puicn 93 i 4 ol ol sled ol ol

e JAE X s ol @l g o oo S5 Y i g 028 208 B X Ll sl

A degl g e 4 pnled

_[j("l‘):+ vidydx = _[(Txy - &}-T}ir =I(T.1’_'&-‘ - &y‘ +¢,)dx = X' v+ %xf +ox+ oy

w3 15 51 o
F(x,v) =x1r_1.:+ljr:,-T +ex+er . flx,yv)=vx+y
Y
oS sl iy
T
sxaF E(B_F( y))= —lix +ay)=vx+y=f(xy)
Pdmg

28 oo Spge Dgpe s 81 gkt il g b Sl e e g (605 1S5l 2
35 i |y g5 sl ISl g oo i oo 4 0piie dw plgi gl Y

#EE

S Al |y 1S5 E oy el

[Joex" y)dxdy ="

i
[[erx"yydxdy = [(x"y + ¢, )y = Y rayre




2 dloa |y g JISS 2 o ol

_[ ” (xvz)dxdydz =1

I ovepdsay

] 3 \
- ”(_*‘TJ’E +¢,)dydz =.[ (—x' ¥y z+ey+e)dz=—x'y'2 +e,yz+eez+cy
i} ¥ A
i

S ey ) e 4 2ged deslone i) e S sla S50 Gl e ailie sl 4t dangd

Ty
[ vy =

4

T T T
= [(rxy" +e) 1" do=[[(vx(¥)" +¢,) = (vx()" +¢,)]dx = [vAxdx

¥ A )

=(x" +e ) =[EM" +e,)— (a0 +e,)]=vF —a =y

bk




G sl J1,S0
4 YUl & ol anl woo Spge ol 0 AS Cute g dwgw D il 4l S )3 fX, V) (6 0pite 93 b ST
_"=d’ y=(‘, x=b’ X=a&m~¢§)b)‘,DL’leb;-ad&_>L~¢l‘)‘- :=f(.\‘,_\‘) S v

sl 25 3050 sl LSS wo (] o 393 o 203 o 5 ff ) £ )AL, 0l 2ga50e

bd db
HD f(x,y)dA= _” f(x,y)dydx = ” f(x, y)dxdy
ac ca

A g ) KD 4

z=f(xy)

~N
o
o

L
s

B R ——
W

-
~

"a‘:f_ /I g
x -

D S f(x:y) g;“;"b C‘b

L1
) YRd
S Alxa |, I(I(x b \'x'_v)d._\*)d\' 35 JI320 2 oy god
t
L A € \ \
I(I(x + \'x'_\')d._\')dx = j(x_v + .t'_\" ) L' dx= I[(.\'(v) + _x"(Y)' )= (x(-) + x() )dx

\
=[x+t )= (2" + X )= ()T + 2 )) = (O + () =1+ =T
: Y Y Y b S o

T -
LZ=flay)=rx+y cags V=1 5 ¥=T Slio g Olaihe Glnboe 4 3siow pus wom 0 g
..k_.':.fd..,.ibi.n

:

T T
V=[f, fx.y)dA=[ [+ y ddyde= [ (rxy + &y"}l? dx

T Y
=J‘[{TJ_"{"I] + &{"I]r y=(vx{-)+ %{}T Vdx= j (vx+ &]dx

T )= () () = () + () =F =
T T T T T




alasds (g dnali (g9, 41 g2 gle 1500

Arloie (g egm g 23S Bpme |y o8 5 ale e e S e Al pa 155 et | (o8 150 o Al 05l
S e oAl AL Fob des A |y Tloddle | palad o Sl 05 s e greaset 1 o leb opl gen A8 ga 1ES)
e e i el AV g Ammden o5 | Al pab s el lazd s

Jal 95 [ Fleale g 4l

XV & dsden 55 ol goi (g 4l |y w5 oo dexb ol sl acwg. [@.8] o aloli po gl g F{x) ple 2
Azali |

D={{x.vila=x=hb, fix)= v=gl(x)}

y=glx]

P93 £ Flodle g 4l

XV (& axdo ;3 ped £95 & 4l |y pj (¢ a4l o] Sl awes [C.d] g Aol ;5 g2(V) o f (V) &ls ST

JECH
D={(x. )l f(W<x=<g(y).cSy<d}
Yy Y
d d!
c
X . »

30 &3 4l

Py £ Floake 5 4l

el e s 8 s Al ) sl pe g5 a5 sl g5 5l e sl 4l 5




Al i ly V=X 4Y b g _\'=.x'@xo~9,wg59“ta‘:c:iﬁ

oS o ey XY (S axxds 3 |y 0ad ool ks g Iis loges Linl: fs

&9 ) 55 3y90 & 40l oy ¢ 22 plolite X =V 9 X=N Jobo 4y (BlE o ke 93 pl g2 9 JSS 4 245 L
.C...J'J,'

Sew
S i 1y X= Y g X YT = VY= el ionie 4 g0 5 4l g5 8 9200
‘MSU'P"") XV (& axio 1) 00l n)l)dh&z;a)b’&h:!h\}’
X=2y—); \

sl pgd £ 1 a0 2p0 g b g il blie V=N V=0 hge 4 (LI 2 g0

e




Y Y 2o t
A iy XTY g XY=V sla e 4 dgame (g Al goi D g2 g0

oS o ey XYV (S amieo 33 1) 00l 03l gla s lages L)z )

x=2-y2

sl p9 £90 51 a3 3y90 ¢ 4l gy il golie Y=V g VNG00 4 B 3 o 9 0
*ee
P A a0 a8 il 10 anl Sy 58 cla 150 dlg 1 A8 g0 150 g il g

g Ol e ) SRS aag L e 05 e e S wasbgg g L) SIS0 s b b

R (4>l 5 D 4l 555 ) sana

by (x)
H[) fx,y)dA= I I f(x,v)dvdx




S dmalona |y i 5] sl a3l }‘I.l‘hj-}.rz_\'fu;h;.q:}m,_;q._z-b D 502 o pod

flp o aa=?

-m-'f._e._'r:u‘h "'e-"‘uf}-;'}“}*;rb"";ll.l uJ.JnJ|.':‘_‘.Lh;.¢_5L:i-‘-.|:::‘.n;h:._-|:l_}z-

VY
x=y

-— K

2
X=y

il py 51 S SIS g anl g s pbline XS0 X =0 ok BB 3 2e 0 0l
e dloee | JISS] ol plsi o gy 90 40 1

: Jol e
_”D(xf ].ci.ﬂ.:j _{I .{1"’5{1'&1‘:}(11}-7}@@ dx
T
. X .
A A
= [T = Gx e =2 (x® = xT)d

A | A
LR (FUSNC I NI AL
¥y 4 ¥

Ty
Y & ¥a




4Al5 g3 cla JIAS 51 ol o p,l8

S o o )ldl |y G gs JLES] gha 3l 5] 3j0e A &y el 3

e & dulone 1 ]

il sl cuze D goanl o 2= flX, V) ali 8 0l a® 4l L85l (lad o a8 andl 4 angi L
asloa gl g 2= F0 V) 5 gy 4 Yl o8 il JS0 ol wlzal pusms woes bl Hﬂﬂ-ﬂ}']dﬁ

._L.‘jh_-n_J..‘-.h:._u-:.aD oL

LC 3

V=[], f(xy)dA

Ll
228 dalona |y Silialste Silwies o TX+ TV + I =F ¢ domin &) gdone ¢ donli oo 1 g gad
4 Ml ol g TXHTY=F i 4 bl S ) D g anlogd e sialis pj K3 0 o5 plailea : o

A PR }jm Calialses d’Lh J}!ﬂu

:&,ﬂ )‘fl""-‘
Fotx
ror

V=[[,flxydA=] [(z=vx—ry)dyds

v v Sy v . . . ;
:j(F}-‘—TI}-‘——}’T]I. Y d_f =I[F[T——I}| —TI{T——I'}__{r__x'}T]it

d " . v ¥ Yoo

T . . . 1,- T
=JOv=rr—vad ox —p o oxT b ex)d= (5 - Fad oaDde=(Fx b 42D

T T T L

=WM—=A+5=F




D g dali Colun g danlme i o
B il Jip D s oasb e gl (1Y) & F(5)) =0 bys [[ F(x0)dA g0 5 51
sl Joed i) S 1 D g oanl colas S5 e 4 09 aal D o asl ol 36b o 4l 1,531 Lols
o &
S=[[,dA v S=[[ dvax . S=[[ dxdy
san
it 1y B(Y) g AGT) 0 O(0) sy & Ltlte colae & s pod

TXHTV=F Sjpm s AB b o adliles s So & dog 4z >
Y

ol pls A2l
FTX
F—TX
vy v v
F =YX
5= dvde=|vl ¥ = dx
J b=l r ==
- ¥
X =(rx——x")'=fg-r=r
'r
L1 3

s dilons | }‘IIT} .fz_l'fubﬂé}}‘-!-":-m‘d dl Colue 1t poo

il e (WY) g (o) ooie g3 ol 3 blES 1 >
Cel ks

yl y=x Wy L
=] Jddy=[xI"} dy

§

\
YT ooy
- X =ffa...l_1'—_1'?}£i‘r=(;~f; ';_‘t'r}|:'=;-;=;

2
X=y

L2




G5 aw gla J1,S00

Dges i yai pj g &y Al aw 13D Gl el 4 Alg0 cla J1)RD 3500 0 & il alis

S bt (S (4l g9y [(X 0 2) (6 0puiie dn b a8 58

R={(x,y,2)la,<£x<bh ,a, < y<bh, , ar £25bh.}

Wyge cpl 50l uey

by by be
[l fey.20av=[ [ [f(x y.2)dzdydx

a\ UT a‘-

b e oo Do b a4 dXdYdZ Sy 4 argl Se cla 1,531 &S cl SH 4 p;Y

o p e, [[[(x+ 1AV ¢ 65w J,551: o pod

R={(x.v.2)l-€xsv, -1y 12257)

AT
[T+ mav =[ [ [(x+ y)dzdydx
==

o iy A
| Jxz+ y2) ] dydx = [[(vx+vy) = (x+ y)ldydx = [ [(x + y)dydx
. =4 .

- <=

% i A
[y + 2y, de=[[(x+ ) = (—x+ I, dx=[ (vx)dx
¥ ) T T i

Al delwa |




Jail 530 Y alas

V) Syx* +y'et —4=0
) x'y —dxe' +1=0

My x [ y(t)di-4=0

o Jeiilars oVsles (sodbjgel cams @ wlubly, Gusgel 51 Giuss ol 5o

:p__4_j|_‘+_}._z

ra2in A Carans @16 Slasiio 5 Y sa2io Ol @6, X sa250 K Joliis aS abslee ,a

Syl pgwge (slonssmo sl jéas edslre o du aowls {5":1:'..._,}","‘5"‘) s
Tl (e Jawsl pays slslee Sy 05 edalee Jlio

y-3x=0

gzrgo 800 555 Sl el S aulS | wsl jaes sdsles Sy o a5 s4la0 o)

ool s S50 adales gl celisdie b didie dazrg laad, nanl
plzil 1) Glulow Elgil wouwilei @umles Lo ol by | cawl (bl JiGuwe (gloyudio o ol wliide &b ol glabmly o fawilans abdles

leaiS (5w Ul ) 03007 393 padlgs 1318 (i g @aiS dagd o Lhwogd jekiio 4y (5y13ga5 (gloudy s jI qasmd

alslas
Y ol e

R

y+%z—: DX

Sl Ghididee g Y RIU Jolis 45 Janilyays alslee SOl glaiges

ala\en



Sl Y4+ Y =0 Sl yis 0 alolao Sl SO y =sinx b oss col .

Teuwlios 4o a3 Jauwilyass dslees S ai Jo

sl asiul i 558 job 4 bl odd lan hldiuolg (i cuns p Y 20 a5 Cuwl 03l Jo Jawilany dlslee S (Hloj
Jailydzs adlee S o jekie 4 Sigliie (clo by ded 0 Ciuogd dul) plaS Gub 0daid,S b )5 X judis jl li 45 ¥ e
Al pgo Jawdlins SYsleoe Iy dS @il Shuob 1] )y Ll (a5l dg=g
' .
y=e ) y + y=- (uJ!

Y=e , yV=—e" PORD

Y+y=e—e =0 10 (610K b Az 5o

- - v

y=e'+Y , f()='(x (¢
&5

yI:yll ::> y":ex , yI:ex:y:eI+r

! ' " : AJJLM)')‘S)LKJ'[?L! " . .
(v Sshr =Ly 2ot DY == X)) ——————*') +y=-sinx+sinx=o

NS 0 (Gl y"+y: 0 ol s alolae 5o y=§inX




Jgl &5 48 30 Jamadl > Y3 Lao
dgrge Bile (5 aipe oVl oF ol (il pins (g dolan o Jyl 6 e Jouilind (5 ablae ezl Wi oS jghailen
olas Jia sl a8l o Vo gl s 45ym 3ite g ¥ @l X S poite Jol dolas ) a3l o e gl 2

sl Jol s 4y Jomilyns (s dlals S 5 s
X+vy =ry

A oo oo oo 3 ol gl (ol aje 3nke g 395 o5 Sl (ol 58L gl (5 a5 g0 il s s dlslae S 5l ol

| HOW TO SOLVE AN EQUATION

X Ay

Yy 44 dx
oy iesoa

x'dx =4y'dy

(2 (liar ) pods SUSE Jamml 2> SV lmo
Kurgy i @l g3 Mg Ml p & |, m(X)dx+n(y)dy =- JSo & Jgl & a5 Joiliivs ¢ dlilas
4 S 4 ol ages Olg cdlils pl I 68 IS L (Solo 4y sial ey plia b pdy S8, il

..-'A.II;TL‘-I Wl 3

jm[x}dx + Irr{_\-‘}if}' =
US540 1y o et Sl 15 oo 3l iy e 5 s S (VX H V) 4Ty Ty = g e Jlhn
35 (s 2

(vx+Vde+vy'dy=. —}I(Tx+‘h}dx+jf}'Td}' =c—X +x+y =c—y =c—x —x

13 Y
—y=Ve—x —x




SEPARABLE EQUATION ju3u SuSas Usleo jl pidin (gle JUio
Separable Differential Equation
dy y—1
der x+3

A oy ol s ol s S8 FxT Y X —dy =+ Joilyin> ¢ sles &S 2un> LB 20y p00
i
;\-‘- \
fx"yTdx —dy = ——¥x"dx - —Yd_\‘ =.
y
255 ey JS3 &) ol ages Sl Gl 0 g ool s SSE Adlan ol 1)

If,\‘rdx = I'\Td~" =c— _[\‘.\'rd.t - I_\"—'dy =coax"+y ' =¢
."

¥ \ \ ¥ \
X +—=c——=c—x —y=
y y c—x'
Y
S =y (v + )‘T]fix-i-'—a"_\':-J,..;I‘.ag: & slas 1 0 pod
x
S (o ' Ao gops X bl Bl gas o
y ¥V Ve Yy
Tl dx +— dy=. —)_[erdr+j - d}‘=c‘—>_[r.rrdx+—j —dy=c
4 yT oyt T4yt
\
—x +-=L, I+ }'T I=¢
T
, X—\ )
A sy = Jeilyss g dlolas 20p pod
Yy—T¥
dy

.atsd 4|8 v ol |y ==l Gl 2 |
dx

ﬁ - = (x—dx—(vyv—v)dv=+— j{x — 1}{.’.:—_[(?_\' —Yidv=c
de vy—¥

\
—)—.rf—x—_rr+'i"}'=c'
¥




OSws Usleo

& Momogeneous Differential Equation

dy y—=x

dx:y+x

23> sgrg ol ym el g (ol e sae Sy M) Mg dep ) Rea | X V) (s 0peite gp Ry A
48 gpale s 1oL

flxy)=1"f(x,y)
gl oo i pai il S5 & 10 ite L (Ren 2l

L2 22

y .
w3 1 ga S s el ¥ g doy i nFen fx,y) =Y y—vx" ol Jbe

X

&
. o

f o) =v(x)" (v) = v(x0)" + () )T
(1x)

J Y vy
=vx y—v k= (rx y - ) =1 f(xy)
X T

S e |y gl (6 423 s g S S0 0 ol S0 &5 a8 bt e (1 gl

D0ny) =28 =Ty +y° ) (xy)=~+=
Y) f(X.y.2) =0y + vz + x2 £) f(x.y,2) = xsin(Z)
V) f(xy.2) =2z =

V) f(xy)=xye”

) f(x,y) =Y N f(x,y) =cos ™~
.




(o0lsl) ySas BUslso

el ngmpl nasly mx, y)de+n(x, y)dy =- IS5 & Jsl & aipe Joilpins (5 dolan o 2y pad
i |y 5en (g dlslaa g7 g0 VT AV puite i b 4 30 oo S el o R0 1) il 2 3 S ) Sen

S o e 9390 iy 2lin oLy (g dble S5 4

y=av
dy = vdx + xdv
s i a1y g el (g ol 2 e
(y" —vxy)de+vx'dy=-

s ¥ oas ) oSen n(X, ¥) = Yx' s mix,y)= }-‘r =YXV b g2 g il e S Al pl ool mly
m(x,y) =y —¥xy
= m(tety) = (ty) =¥y =1y =yt xy=1"(y" —vxy) =1 m(x.y)
n(x,y)=vx"
— () =v(x) =vt'x' =t n(x,y)

w3 oo 3 Jo
y=Xxv

= dy = (vdx + xdv)
o8] on Cad dp 0 0303 il (o dloles p3 s slus opl ools )5 L

(v —yxy)de +vx"dy =

= (xv —rx"Wdx +vx" (xdv + vdy) = = x"V dy +vxTdv =-

P N 4
= \ v
—.—x.-v_-.—}_dx+_rd1,-=.
X v

ta s alolae pl 3l padiiine g LRG0 g cul pds | olas g alilae S5 il 0 dliles

A ¥ Y
I—dx+f—dv=c‘—}f_ﬂ lxl——=¢
x "y v

¥ .
g (ot Sd & V=" e o 8 e el 2 Sl

¥ ¥
[ﬂlxl——x=£—}y= a
J_.'

L,lxl—¢

oS SUsleo I pidiuy JUio




a8 oy (7 + ¥ )dx — xydy =+ Joslii o dolas T 0 pod
A 423 3 ) San (X, Y) = XYy MG Y) =X+ YT pl5 S eas o ol il o
m(x, y) =x + yr
— mitx,ty) = [rx}r + (ry}r = rr[xr + }rT} =t mix,y)
n(x,y)=xy
— n(txty) = ()(ty) =17 (xy) =1" n(x, y)

iy ool e o] S aad ealy g dlolas s
y=xv
— dy = (vdx + xdv)

] (o Consd & 05 0203 il yis3 (5 alolae p3 a (gglud cpl ool 18 L

(x" + x"v )dx — (x"v)(vdx + xdv) =
o 1
— x 0+ v )dx — x" (v dx + wvdv) = - ——(+ v )dx — (v dx + xvdv) =

ys \

=X

._) dr — _rvd‘,' - .._)_dx -— vdv 0
X

e Aslas oyl 5l paiine (658 JLS51 L g sl pds i (6 olan Ky o] (5 Aslas

\ \
I—dx—fvdv=c—)L,, Ixl——v' =¢
X Y

04 <
wsg) oo Ced 4y V= L JF e ool 3 Sl

Y
\ 3 y
Lylxl-—~(&)f =¢ > L, IxI-X—=¢
" X “_r"




Sas Usleo I Jlio
X

- —3)
s 1, ¥ =T",J,._.Jl)éi;dd;l..:‘}g_”3

S e Y iR ), i SN J=
dx

Lo s A (x— y)dx —(x+ y)dy =-
dx D e 0 4

dimen ax D Sl Rea (XL, V) =X+ YV m(X. V) =X — ¥V mles a5 pead e ol -
m(x,y)=x—Yy
—> m(rx.ty) =(Ux) — (y)=t(x— v)=1 m(x.¥y)
n(x,.y)=x+y
—> n(ix,ty)=x)+ @y)=1(x+ y) =1 n(x.y)
2D oo 58 > ol (Sel 043 00 (5 Adlae o
y=xv
—> dy = (vdx + xdv)
co28) (oo Casd 45 023 0313 sl a5 (g alslae o la (golus ol ol G5 L
Vv

Al
(xr—xv)dx —(x+ xvivady + xdv)=. — —dx ——— dv=-
A V— Y —

ta s Alslae ol 5] peitiaane (6508 LS5 L o Sl judy ol o6 Alolae oSy o] g Alslne

A Vv A
I—dx-l—{f‘l—'_—{.‘—}l‘n|X|+—!"('|—TV—VT}_—C
v
* VT — W ¥

y -
g (or a3 4 V=T wead w8 Sl el 2 Sl

) ¥ A
Lylxl+—L,0——2 ¥ y=¢
T X _x‘r

e
S e v =0 cadal b Ll (a4 vidx + (X — )y =« Ll as (o alolas T oyt pod
At sy Sy Gl Sem (XL, V) =X — VX, V) =XV ales a8 pan e olf lan): |
mlx,y)l=x+y
— m(ex.y) = (1) + (1y) =1(x + ) =t m(x, y)
nlx,y}j=x—y
— n(reav)=(x)—(rv)=nx—v)=rn(x y)
PR - | PR L SR R Rt Kt P
¥ =xv
—» dy = (vdx + xdv)
el e Cewd @ i anly Lslis o oalsles p3 L gales cpl ool GlE L
(x+ e + (x — xvvdx + xdv) =-
+x(v+vr—v') k! Y —

— el + 7dv = .
X VT — T

— (Vv — v ddy + x(v— vdv =

tt 13 slae ol 3] peeiians (5508 LS5 L g Sl ady olis o6 Alblae oS o] s Alsla




